The 8-band k.p parameters which include the direct band coupling between the conduction and the valence bands are derived and used to model optical intersubband transitions in Ge quantum well heterostructure material grown on Si substrates. Whilst for Si rich quantum wells the coupling between the conduction bands and valence bands is not important for accurate modelling, the present work demonstrates that the inclusion of such coupling is essential to accurately determine intersubband transitions between hole states in Ge and Ge-rich Si 1−x Ge x quantum wells. This is due to the direct bandgap being far smaller in energy in Ge compared to Si. Compositional bowing parameters for a range of the key modelling input parameters required for Ge/SiGe heterostructures including the Kane matrix elements, the effective mass of the Γ 2 ′ conduction band and the Dresselhaus parameters for both 6-band and 8-band k.p modelling have been determined. These have been used to understand valence band intersubband transitions in a range of Ge quantum well intersubband photodetector devices in the mid-infrared wavelength range.
I. INTRODUCTION
There are many applications in the mid-infrared part of the electromagnetic spectrum which include thermal imaging 1 and the unique identification of molecules through absorption spectroscopy.
2 For all these applications, sources of mid-infrared light and photodetectors 1, 3 are key to enable any application. III-V and II-VI semiconductor materials have dominated over the last decades with both interband and intersubband emission and/or absorption devices 1, 3, 4 but there is now significant interest in developing technology on silicon substrates [5] [6] [7] to enable far cheaper systems for mass market applications in environmental sensing, personalised healthcare and security. 2, 8 SiGe quantum well (QW) intersubband photodetectors (QWIPs) have previously been demonstrated [9] [10] [11] but the number of QWs was limited by the SiGe critical thickness thereby limiting performance. Now Ge QWs have the potential to improve this performance significantly in the mid-infrared and the number of QWs can be increased using strain symmetrisation of the QWs and barriers to allow improved absorption in the longer wavelength mid-infrared.
6,12
The key to understanding the physics behind midinfrared intersubband device operation and designing optimized devices is a band structure tool that can accurately calculate the bands, subbands and matrix elements to allow the optical absorption and emission to be calculated. A wide range of tools have been used to calculate the band structures of Si/SiGe and Ge/SiGe including pseudopotential 13, 14 , tight binding 15 and k.p-theory a) Electronic mail: Douglas.Paul@glasgow.ac.uk tools. [16] [17] [18] Some of these tools require significant computational resources to model even simple structures. k.p method tools are more practical as they can be used on desktop or laptop computers and do not require access to significant computational resource. For intersubband absorption in SiGe QWs, a range of 6-band k.p tools have demonstrated good agreement with experimental results in both the mid-infrared [19] [20] [21] and the far-infrared (THz) regimes 18, [22] [23] [24] . Key to this accuracy are the input parameters and also the level of bowing of many of the parameters for compositional changes as simple linear extrapolations between the Si and Ge parameters does not always provide accurate modelling.
Previous work using an 8-band k.p tool available as Nextnano with scaled 6-band k.p parameters was sufficient to allow the interband optical absortption for Ge QW quantum confined Stark effect modulators to be determined. 18 This approach, however, when used provided poor agreement with experimental results for intersubband absorption for Ge-rich heterolayers 7 as it does not accurately account for the direct bandgap coupling between the Γ-valley and the valence bands. Interband coupling is far more important for materials with smaller bandgaps hence the direct band coupling effects are far stronger for Ge and Ge-rich materials compared to Si. This has previously been determined to be important for accurate band structure calculations for cyclotron resonance measurements of Ge QWs 25 where the Γ-valley is only 140 meV above the L-valley conduction band edge. 26 Winkler et al. 25 used the approach of Lawaetz 27 to derive 6-band Luttinger parameters which included coupling between the Γ-valley and the hole bands in addition to the bowing parameters cover the whole compositional range from Si to Ge.
In this paper, a similar approach is used to Win-kler et al. 25 , using the compositional scaling defined by Lawaetz 27 to calculate the 6-band k.p Luttinger and Dresselhaus parameters including the bowing of these parameters with Ge composition, x where the direct band coupling between the conduction and the valence bands is explicitly included. More recent experimental data especially in Ge-rich heterostructures is also used to improve the accuracy of a number of the input parameters used in the modelling and to also derive appropriate bowing parameters where required. The 8-band k.p parameters are then derived and used in the Nextnano++ tool [28] [29] [30] to accurately model mid-infrared intersubband absorption for a range of designs. Finally the optical transitions as a function of QW width will be calculated over a wide range of thicknesses. The work demonstrates the importance of coupling between the valence and conduction bands for calculating optical matrix elements and transitions for intersubband transitions in Ge and Ge-rich QWs.
II. TEMPERATURE DEPENDENCE AND BOWING
Bowing parameters have been introduced to allow a single parameter to account for any non-linear bowing of the value of any physical, electrical or optical parameter in alloyed semiconductor materials over the complete compositional range. In this paper, bowing parameters, B Si1−xGex for a composition x of Si 1−x Ge x are used to account for any non-linear variance of a parameter from the linearly extrapolated Si and Ge values as
where χ Si , χ Ge and χ Si1−xGex are the values of the given parameter for the materials Si, Ge and Si 1−x Ge x respectively. Not all the parameters required for the band structure calculations do require bowing parameters. The lattice constant, a(x) is well known from the original x-ray diffraction data of Dismukes et al. 32 to require a bowing parameter which is presented in Table I . As will be demonstrated later, a single bowing parameter cannot always account for the variation of a parameter as a function of the Ge composition and more complicated variations with the Ge composition, x are required.
The temperature dependence of the bandgap used the approach of Varshni 33 who defined the temperature dependence of the bandgaps as
where i = Γ, L or ∆ dependent on which conduction band valley is being considered. The Varshni parameters used in this work are presented in Table I .
To enable coupling between the conduction and valence bands to be calculated later in the paper, the energy gaps between a number of different bands in both Si and Ge are required and are presented in Table I . In this paper, E g is defined as the minimum bandgap between the lowest conduction band edge and the highest valence band edge which swaps from a ∆-band to valence band to the L-bands to valence bands at a Ge content of approximately x = 0.85. 12 Bowing parameters for the ∆-valley transitions to the valence band have been extracted from photoluminescence. 35 Coupling between the conduction bands and the valence bands is introduced using the Kane momentum matrix elements
where |X is the yz-type wave function of the Γ ′ 25 valenceband states in the case where spin-orbit scattering is neglected. The values for Si and Ge used in this work are presented in Table III . P is defined as the Kane parameter and the values for materials are frequently quoted using P rather than the E p . F is another key parameter for the coupling and is defined as the first Kane momentum matrix element divided by the direct bandgap
Using the scaling approach of Lawaetz 27 for analysing a range of semiconductors using k.p-theory, the variation of a number of the k.p-parameters over the whole Ge composition x can be described using where the change as a function of composition is inversely related to the square of the bowing of the lattice constant, a(x) relative to the lattice constant of Si, a Si . For example the first Kane matrix element can be redefined as
as a function of the Ge composition, x. Here D(x) is defined by Van Vechten 44 as
where N is the number of carriers (= number of electrons per two-atom unit cell). This term is to account for the d electron effects in Ge. N ef f is the effective concentration of valence electrons and is obtained from the low frequency dielectric constant , ǫ(0) in the Penn model through
where q is the absolute value of the charge of an electron, h is Planck's constant divided by 2π and m 0 is the mass of an electron. The Penn model accounts for the scaling of the average electronic bandgap as a power function of the lattice constant in non-polar materials. For elements without any d electrons such as Si, N ef f = N where N accounts for eight electrons per diatomic volume.
27
The bowing of the direct E ′ 0 transition used the approach of Van Vechten 44 of linking this to the bowing of the lattice parameter as a function of composition, x as (10) but to accurately fit this equation to the data in Table I for Ge, the exponent was increased to -2.08 for this work.
The bowing of the Luttinger parameters γ 1 , γ 2 , γ 3 and κ with the Ge composition, x was suggested by Winkler et al. 25 to be 
The values of γ 1 , γ 2 , γ 3 and κ are the linearly interpolated values between the bulk Si and Ge values of the γ and κ parameters. The Luttinger parameters as calculated by equations 11 to 14 are plotted in Fig. 1 and demonstrate strong bowing as a function of Ge content, x. It should be stated that the Luttinger parameters for Si and Ge using the approach agree with the experimental values in Table III ) are not unreasonable.
The Luttinger parameters can be converted into the Dresselhaus parameters 30 using 
13
The 6-band Dresselhaus parameters as calculated from equations 15 to 17 are plotted in Fig. 2 and demonstrate strong bowing of the parameters as a function of Ge content, x. Numerical fits have been applied to these Dresselhaus parameters to obtain bowing parameters. Whilst a single bowing parameter was obtained for M , both L and N required quadratic bowing parameters as a function of the Ge composition as presented in Table III . Also plotted in Fig. 2 with dashed lines for comparison are the Dresselhaus parameters calculated by Rieger and Vogl. 13 . Whilst the Rieger and Vogl parameters are accurate for pure Si, it was noted in the publication that they underestimated the absolute value of the Dresselhaus parameters for Ge, at least for the values obtained through cyclotron resonance from ref. 45 as used in the present work (see Table III ). The solid lines in Fig. 2 accurately produce the experimental values for pure Si and Ge heterolayers but the values for intermediate Ge compositions, x are not available from experiments to allow accurate bowing parameters to be determined directly. It should be noted that the bowing parameters for L and N correspond to significant deviations beyond quadratic behaviour.
IV. 8-BAND k.p PARAMETERS
There are five main parameters for 8-band k.p modeling. 30 Before these parameters can be calculated the conduction band effective mass for Γ ′ 2 is required. Using the approximation of Cardona 46 this can be calculated as 
where ∆ SO is the split-off energy and Lawaetz 27 estimated that
The values determined using the data in the present work are 0.241 m 0 for Si and 0.0383 m 0 for Ge. The experimental determined value for Ge is 0.038 m 0 at 300 K 26 so the calculated value being used is extremely close to the experimental value providing some confidence in the approach. No values for Si are available to provide any comparison between the model and experiment as the lowest direct conduction band at the Γ-point is over 2 eV above the conduction band edge. The values for all Ge compositions, x were also calculated which required the fitting of a bowing parameter of 0.077135 to allow an analytical calculation of the values for all Si 1−x Ge x compositions.
The S parameter has been introduced into 8-band k.ptheory modelling to add coupling between the lowest direct conduction band and the highest valence band in energy. 47 It is calculated using
For both Si and Ge the calculated values are -1.0 as demonstrated in Table IV . The coupling can be turned off by setting the Kane parameter, E p to zero. The inversion asymmetry parameter, B was define by Loehr. 48 B is zero for crystals which have inversion symmetry such as those with a diamond lattice structure and so B = 0 for both Si and Ge. It has been assumed that B = 0 for all Si 1−x Ge x alloys even though the random alloys will not have inversion symmetry.
The 8-band Dresselhaus parameters L ′ , M ′ and N ′ can now be calculated and are defined as 
Table IV lists all the required 8-band k.p-theory parameters as derived from the 6-band k.p parameters in Table  III . Figure ? ? plots the 8-band Dresselhaus parameters and includes the bowing of the parameters which are presented in Table IV . The L ′ parameter is completely linear. It is clear that the bowing of all the 8-band Dresselhaus parameters are small compared to the 6-band Dresselhaus parameters and a linear fit provides uncertainties for all values of Ge content less than 0.18% of the bowed values. This is to be expected as the 8-band parameters include the direct bandgap coupling. 
V. MID-INFRARED INTERSUBBAND OPTICAL TRANSITIONS
The experimental results for mid-infrared intersubband transitions that are modelled in this paper were published in Gallacher et al.. 7 The material consisted of 500 periods of strain symmetrized 6 Ge QWs with Si 0.5 Ge 0.5 barriers all grown on relaxed Si 0.2 Ge 0.8 virtual substrates on top of Si (001) substrates. The Si 0.5 Ge 0.5 barriers were doped p-type using boron at 2 × 10 18 cm
whilst the Ge QWs were nominally undoped. Three different QW widths were measured by Fourier transform infrared spectroscopy (FTIR) with the barriers also scaled to keep the total structures strain symmetrized.
6,12
For intersubband transitions, heavy hole (HH) to HH and light hole (LH) to LH produce only z-polarised absorption in the parabolic band approximation and HH to LH transitions produce both xy-polarised and z-polarised absorption.
6,22-24 Non-parabolicity due to the mixing of subband states for k = 0 can relax these selection rules allowing some xy-polarised absorption from HH to HH and LH to LH transitions. The measurement geometry in ref. 7 was surface normal so only xy-polarised absorption is expected for the parabolic approximation but dependent on the samples, non-parabolicity, scattering from heterointerfaces and scattering from the substrate can also allow a smaller amount of z-polarized transitions to be observed even in this surface-normal geometry.
49,50
The transmission electron microscope (TEM) measurements of the narrowest Ge QW found that the samples consisted of a 5.4 ± 0.4 nm Ge QW with Si 0.5 Ge 0.5 barriers all strain symmetrized to a Si 0.2 Ge 0.8 relaxed buffer. Figure 4 compares the absorption data measured in surface-normal (xy-polarized) by Fourier transform infrared (FTIR) spectrometry 7 with solutions to the present 8-band k.p modelling. To get the model to fit the experiments, the Ge QW was set at 5.2 nm and the Si 0.5 Ge 0.5 barriers to 3.5 nm which are both well within the uncertainty of the TEM measurements. Whilst only the Si 0.5 Ge 0.5 barriers are doped, the majority of the carriers fall into the QWs as can be observed by the band bending in Fig. 5 . The dominant experimental absorption peak corresponds to the LH1 to LH2 transition (see Fig. 5 ) which as can be observed in 4 is z-polarized as is the weaker HH1 to HH2 transition that is around 110 meV. As there are no strong xy-polarized transitions across the measured range, the weaker z-polarized modes are detected due to scattering from the heterolayers and substrate allowing z-polarised states to be observed even in the surface normal measurement configuration. 7 There is no broadening added to the modelling so it is clear that there are broadening mechanisms that have to be accounted for to accurately produce the experimental linewidth. The high doping density of 2 × 10 18 cm −3 along with interface roughness scattering and scattering of the surface normal illumination from the back of the substrate can all increase the observed linewidth. The narrow peak close to 140 meV is related to the Si-O bond molecular absorption line in the Czochralski Si substrate 51 which is observed in all of the samples at the identical energy.
The subband spacing for this narrowest QW has the LH1 state directly above the HH1 ground state. This is the only sample in which this occurs and the wider QW samples all have the HH2 directly above the HH1 with the LH1 state higher in hole energy. Figure 6 demonstrates the calculate k energy dispersion for the main subband states up to the 0.05 × 2π a value which was used to calculate the absorption. All of the dispersions are highly non-parabolic as has previously been reported for the valence band in the SiGe 6,18,52 and other materials system 53,54 when high levels of strain are present. The The green curve is the experimental data from Gallacher et al. 7 at 300 K.
biaxial compressive strain in the xy-plane of the QWs is 0.876% with the barriers tensile at 0.642% to balance which are significant but not as high as in a range of other reported designs. 55 It should also be pointed out that many of these subbands are not pure HH or LH states as has been previously reported but a mixture of states which can also increase the non-parabolicity.
20,52
Whilst non-parabolicity will relax the polarization selection rules, in the present work there are no transitions strong enough to allow this to be observed in the experimental range being investigated. Further work is required using polarizers along with both surface-normal and waveguide geometry measurements to test for any relaxation of the selection rules through non-parabolicity from the mixing of states with k = 0. Figure 5 also demonstrates that the lowest hole energy continuum state is what has been marked LH3. For all the designs in this work the LH band edge is lower in hole energy than the HH band edge by over 100 meV. Also since the effective mass of the LH states are 0.0438 m 0 in the QW and 0.0984 m 0 in the barriers, the LH wavefunctions easily expand into the barriers and once the continuum states are reached provide a good mechanism for hole transport. The HH states have the heavier masses of 0.2841 m 0 in the QW and 0.4106 m 0 in the barrier and so the LH states are preferable for good hole transport especially in the barriers where the LH states are the ground state due to the tensile strain.
For the sample with the 8.1 ± 0.5 nm Ge QW with 5.2 ±0.6 nm Si 0.5 Ge 0.5 barriers all strain symmetrized to a Si 0.2 Ge 0.8 relaxed buffer, the modelling using 8.0 nm for the Ge QW and 5.2 nm for the Si 0.5 Ge 0.5 barriers is presented in Fig. 7 with the corresponding bands and subbands in Fig. 8 . The dominant absorption peak at about 165 meV is the HH1 to LH2 transition which is xy-polarized. Unlike the 5.4 nm Ge QW sample where a z-polarized transition was observed since there were no strong xy-polarized transitions in the measurement range, only xy-polarized transitions can easily be observed in the experimental data due to the measurement geometry. The HH1 to LH1 transition is below the range The green curve is the experimental data from Gallacher et al. 7 at 300 K.
of the mercury cadmium telluride (MCT) detector used in the experiments so only the single HH1 to LH2 transition is clearly resolved. Figure 9 presents the k dispersions for the key subbands for the optical transitions. Again the energy dispersions are highly non-parabolic /colorred from the band mixing resulting in a relaxation of the parabolic selection rules. Some of the z-polarized peaks at low energy may be a signature of this relaxation but the absorption is very weak and too close to the noise level to provide certain identification of the absorption transitions. Further experiments with polarisers and longer wavelength detectors are required to confirm these transitions. The largest QW was reported from TEM measurements as 9.2 ± 0.6 nm wide with 6.1 ± 0.6 nm Si 0.5 Ge 0.5 barriers also on a relaxed Si 0.2 Ge 0.8 substrate. To provide an accurate fit to the experimental absorption (Fig.  10) , the QW was set to 8.8 nm and the barriers to 5.9 nm which are both inside the uncertainty of the heterolayer thicknesses. The dominant absorption peak in Fig.  10 can also be assigned to the HH1 to LH2 transition with xy-polarization when compared to subband states in Fig. 11 . From the wider QW materials it is clear that the z-polarized states can only be observed if there are no stronger xy-polarized states available for absorption.
While the expected behaviour of longer wavelength absorption was achieved as the width of the QW was increased, the above modelling now explains that the observed transitions are only the same for the two widest QWs. For these the HH1 to LH2 transition is the dominant transition and the wider QWs should have xypolarized absorption. No polarisers were used in the 
experiments
7 to confirm the polarization but the agreement with theory for the peak positions combined with the surface-normal measurement geometry in the experiments strongly suggests zy-polarized absorption. For the narrowest QW sample, the modelling indicates that LH1 to LH2 and HH1 to HH2 are the observed transitions. Hence the reason for the narrowest QW being at the shortest wavelength (highest energy) is related not just to the increasing energy of the subband states but also to a different transitions and polarization being observed by the experiment. The experimental spectra were not calibrated so the relative amplitudes of the absorption from the 3 QW widths were not measured. The theory suggests that the xy-polarized absorption should be far stronger due to the measurement geometry but this requires further experimental measurements to confirm the prediction.
VI. ABSORPTION VERSUS QUANTUM WELL WIDTH
It is useful to investigate all the transitions as a function of QW width to understand how to design devices for different wavelengths of operation. Modelling was undertaken at 0.5 nm QW width steps between 2.0 and 15.0 nm and the resulting transitions plotted with the barrier width fixed at 0.65 times the QW width to maintain strain symmetrization throughout all the structures modelled. Figure 12 presents the main intersubband optical transitions for both polarizations as a function of the quantum well width. As can be observed from Figs. 5, 8 and 11, the HH valence band discontinunity between the Ge QW and the Si 0.5 Ge 0.5 barriers is 393 meV, between the LH valence band edges is 183 meV and from the HH in the Ge QW to the LH in the Si 0.5 Ge 0.5 barriers is 253 meV. The LH2 state become unconfined and this can be observed for the 5 nm wide QW with both the HH1 to LH2 and the LH1 to LH2 transitions indicating that the LH2 has moved to the continuum out of the well. A 5 nm Ge QW device would therefore operate as a z-polarized bound-to-continuum QWIP 4 detecting at 225 meV (5.5 µm wavelength) and also as a xy-polarized bound-to-continuum QWIP detecting at 291 meV (4.3 µm wavelength). All the band structure figures (Figs. 5, 8 and 11) have been plotted so the Fermi energy is set at 0 eV in the figures. Therefore for all the QW widths, Figs. 5, 8 and 11 indicate that only the HH1 state is populated with carriers at low temperatures as required for QWIP devices.
The present modelling indicates that designs of boundto-continuum QWIPs using Ge QWs at other wavelengths requires the change in Ge content in the barriers and the substrates to produce absorption at other energies (wavelengths). By increasing the Ge content in the barriers and the relaxed virtual substrate then bound-tocontinuum QWIPs can be produced with z-polarization above 5.5 µm wavelength and xy-polarized bound-tocontinuum QWIP longer than 4.3 µm wavelength. To achieve Ge QW QWIPs with shorter wavelength absorption will require lower Ge content barriers and relaxed virtual substrates.
VII. CONCLUSIONS
The parameters to run an 8-band k.p-theory band structure tool have been derived including the direct bandgap coupling between the valence band and the conduction band for Si and Ge. The tool with these parameters was used to model mid-infrared intersubband transitions for a range of Ge QWs grown with Si 0.5 Ge 0.5 barriers on a relaxed buffer of Si 0.2 Ge 0. 8 . The modelling results demonstrate that the direct band coupling is essential to accurately model the optical absorption of intersubband transitions of p-type Ge QWs. A range of bowing parameters have also been derived for the band structure modelling and demonstrated to be required to achieve accurate results. Changing the Ge QW width resulted in a change in the subband transitions being observed as well as the polarization of the absorption. The work also suggests the Ge compositions required for designs of Ge QWIPs for a range of mid-infrared wavelengths.
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